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Subshift with a (lexicographic) hole

Qap = {ue{0,1}> : £"(u) ¢ (a,b) Vn>0}
a € 0{0,1}*, b € 1{0,1}*°, X shift map,
(a,b) = {u € {0,1}*° : a <jex U <jex b}
Qa,b = {i1i2 R — {0, 1}00 . inin+1 <o Slex aif i,, = 0,
ininJrl te Zlex b if in = 1}
Examples:
Qg1 = {0,1}, w := w™® = www - - -

Qo115 = {0, 1}
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Oap = {u € {0,1}* : ¥"(u) € [a,b] Vn>0}
QOb,la = 0*937b U 1*@a7b U {6, T}



Thue—Morse—Sturmian substitutions, S-adic words

L:0—0 M:0—~01 R:0~01
1—10 1—10 1—1

limit word (or S-adic word)

g = (Un)nzl € {Lv Ma R}Ooa uc {071}00

o(u) = nIl_)ﬂ;O 0102 -+ op(u)
exists because L(i), M(i), R(i) start with j for i € {0,1}

o € {L, M, R} primitive if and only if & does not end with L or R



Theorem (Labarca—Moreira '06, Glendinning—Sidorov '15,
St—Komornik-Zou)
Leta € 0{0,1}, b € 1{0,1}*.

(i) Qap #{0,1} if and only ifa =01, orb =10, or
a>0(0), b <o(1) for some o € {L,R}*M, or
a=0(0), b=0(1) for some primitive o € {L, R}*>°.

(i) Qap = {0,1} if and only if
a < 0(0), b > o(10) for some o € {L,R}*M, or
a <o(01), b > (1) for some o € {L, R}*M.

(iii) Qap is uncountable with positive entropy if and only if
a > 0(0), b < 0(10) for some o € {L,M,R}*M, or
a > o(01), b <o(1) for some o € {L,M,R}*M.

(iv) Qap is uncountable with zero entropy if and only if
a=o0(0), b=0(1) for some primitive o € {L, M, R}°°.

(v) Qayp is countable if and only if
a < ¢(010), b > 0(10) for some o € {L, M, R}*, or
a <o(01), b > 0(101) for some o € {L, M, R}*.



Elements of the proof
» o order-preserving for all o € {L, M, R}*

L:0—0 M:0~01 R:0—01
1—10 1+—10 1—1
> ucQa)om \{0,1}, o € {LLM,R} — ue{0,1}"0(Qp)
Qup = {u € {0,1} : T"(u) ¢ (a,b) ¥n >0}
u € Qo1)10) = Qo110 = UE 1*{0,10}>° U {1}
u € Qpony.Ra0) = Qo110 = U € 07{1,01}* U {0}
u € Q1) o) = Qormozoor = U € 07{01,10}%° U1*{01,10} U {0,T}

> Q)M = 070101710 U{0, 1} # {0,1}

> Q) b < M(10), contains {0(01)k,0(01)%*1}>° for some k > 0,
Q, w1y @ > M(01), contains {1(10)%,1(10)***}> for some k > 0
= positive entropy



Partitions

(¢(010),0(01)) = (0(010),0(01)) U [¢(01),5(0110)] U (¢(0110), 5(01))

~~

(0L(010),0L(0T)) [oM(D),o M(01)] (cR(010),0R(0T))
(010,01) = | J [¢(0).o(01)] U [ {e(0)}
oe{L,R}*M oc{L,R} primitive

(¢(010),0(01)) = (0(010),0(01)) U [¢(01),(011001)]

~~

(cL(010),5L(01)) [oM(0),0 M(010)]
U (0(011001),5(0110)) U { ¢(0110) } U (0(0110),0(01))
N—_——

(e M(010),0 M(01)) oM(01) (R(010), aR(oI))
(010,01) = |J ([¢(0),0(010)]u{o(0D)}) U |J {o(0
oe{L,M,R}*M GG{L M R} primitive

0,01 = |J [o(0),0(0)]

oe{L,M,R}>>\{L,M,R}*{LR,RL}

O <lex T = 0(01) <jex. 7(0) (o, 7 € {L,M,R}*>*\ {L, M, R}*{LR, RL})



s: {0,1}° = {L, M, R}>®\ {L, M, RY*{LR, RL},
u o ifue[o(0),o(01)] U[o(10), o

montonically increasing on 0{0,1}*°, 1{0,1}*°
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Theorem (reformulation)
Let a € 0{0,1}, b € 1{0,1}.

(i) Qap #{0,1} if and only ifa =01, or b =10, or
a>o(0), b<o(1) for some o € {L,R}*M, or
a=0(0), b=0(1) for some primitive o € {L, R}*>.

(i) Qap = {0,1} if and only if
a < 0(0), b > o(10) for some o € {L,R}*M, or
a <o(01), b > (1) for some o € {L, R}*M.

(iii") Qap is uncountable with positive entropy if and only if
s(a) > s(b).

(iv') Qap is uncountable with zero entropy if and only if
s(a) = s(b) is primitive.

(V') Qayp is countable if and only if o
s(a) < s(b) or s(a) = s(b) ends with L or R.



Unique double base expansions
. > i
Y Il ---) .= - -
60,61 (1112 ;5i15f2-w3ik
Ugo,pr = {u €{0,1}* : 7g, 5, (u) # 7, 5, (v) for all v # u}
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B o) i1
Usan = {u € {0, 1} : w5, (Z70) ¢ [, o] v > 0)
- Qaﬂoﬂybﬁo,lﬁ \ {0’ 1}*{350751’ bﬁoﬁl}

ag,,5, quasi-greedy (o, f1)-expansion of 3- = mg, 5,(10),

bg, 5, quasi-lazy (o, 31)-expansion of m = 74,5, (01)



Unique S-expansions, 3 € (1, 2] (50 £1)

/112 §

Ug == {u e {0,1}* : mg(u) # 7r5(v) for all v # u}
= {ue{0,1}* : m3(X"u) ¢ [B = 1)] Vn >0}
= Qagp; \ {0,1}"{ag, b}
ag quasi-greedy [-expansion of & B = m5(10),
bs quasi-lazy 3-expansion of W = mp(01)
bs = F(ag)  (F(0)=1 F(1)=0)
s(bg) = F(s(ag)) (F(L) =R, F(M)=M, F(R) = L)

Us={0,T} = p<iHs
Us zero entropy <= ag < M(0) (Thue-Morse sequence)



Unique [-expansions with digits 0,1, 2
Us(A) := {u € A® : mg(u) # mp(v) for all v # u}
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’ ’
I I

x> Us({0,1,2}) # {0, 2}
3311 — 3>2
Bx
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0 1_2 21, 2 2
BB(B-1) BB " B(B-1) B-1
Allouche '83, Komornik—Loreti '02, Allouche-Frougny '09:
Us({0,1,2}) zero entropy <= az < ((0N(2)) = 0210201210120210- - -
N: 001, 1p—02 1,20 221,
t: 0—0 lop—1 1h—1 22



Two holes
Qapcd = {ue{0,1,2}> : ¥"(u) ¢ (a,b) U(c,d) Vn>0}
(a€0{0,1,2}®, b e 1{0,1,2}®, c € 1{0,1,2}>, d € 2{0,1,2}>)

Uﬂ({o, L, 2}) = Qaﬁ,bﬁ,cﬁ,dﬁ \ {07 L 2}*{35, b57c57d5}
Yag = Xcg, Tbg = Tdg, dg = F(ag), cg = F(bp)
(F(0)=2, F(1) =1, F(2)=0)
Qab,c,d zero entropy, Ya=c, Yb=1%d, d = F(a), c = F(b)
<= a < ((0N(2))

t: 0—0 N:0—=02 N': 001

]_0 — 1 ]_0 — 100 10 — 10]_2
12 — 1 ].2 — 122 12 — 1210
22 2—20 21— 21,

L(ON(2)) = «N'N”(0) = 0210201210120210 - - -



